Abstract: We show that if the dual of a Musielak-Orlicz sequence space Φ is stabilized asymptotic ∞ space with respect to the unit vector basis then Φ is saturated with complemented copies of 1 and has the Schur property. A sufficient condition is found for the isomorphic embedding of p spaces into Musielak-Orlicz sequence spaces.
Introduction
The notion of asymptotic p spaces first appeared in [14] , where the collection of spaces that are now known as stabilized asymptotic p spaces were introduced. Later in [13] more general collection of spaces, known as asymptotic p spaces, were introduced. Characterization of the stabilized asymptotic ∞ Musielak-Orlicz sequence space was given in [4] .
A Banach space X is said to have the Schur property if every weakly null sequence is norm null. It is well known that 1 has the Schur property and it's dual ∞ is obviously stabilized asymptotic ∞ space with respect to the unit vector basis. A characterization of the Musielak-Orlicz sequence spaces Φ possessing the Schur property, as well as sufficient conditions for Φ and weighted Orlicz sequence spaces M (w) to have the Schur property were found in [8] . Using an idea from [1] we find that if the dual of a Musielak-Orlicz sequence space is stabilized asymptotic ∞ space then it is saturated with complemented copies of 1 and has the Schur property. While simple necessary conditions for embedding of p spaces into Musielak-Orlicz spaces Φ were found in [16] , the problem of finding analogous sufficient conditions, as it is done in [11] for Orlicz M , appeared more difficult. We find a sufficient condition for the existence of an p copy in Φ in Paragraph 4.
Preliminaries
We use the standard Banach space terminology from [11] . Let us recall that an Orlicz function M is even, continuous, non-decreasing convex function such that M (0) = 0 and lim t→∞ M (t) = ∞. We say that M is non-degenerate Orlicz function if M (t) > 0 for every t > 0. A sequence Φ = {Φ i } ∞ i=1 of Orlicz functions is called a Musielak-Orlicz function or MO function in short.
The MO sequence space Φ , generated by a MO function Φ is the set of all real We denote by h Φ the closed linear subspace of Φ , generated by all x ∈ Φ , such that Let 1 ≤ p i , i ∈ N be a sequence of reals. The MO sequence space Φ , where Φ = {t
is called Nakano sequence space and is denoted by {p i } . In [3] it was proved that two Nakano sequence spaces {p i } , {q i } are isomorphic iff there exists 0 < C < 1 such that
An extensive study of Orlicz and MO spaces can be found in [11] , [15] , [6] and [9] . 
The spaces Φ and h Φ coincide iff Φ has δ 2 condition at zero.
Recall that given MO functions Φ and Ψ the spaces Φ and Ψ coincide with equivalence of norms iff Φ is equivalent to Ψ, that is there exist constants K, β > 0 and a non-negative sequence {c n } ∞ n=1 ∈ 1 , such that for every n ∈ N the inequalities
Throughout this paper M will always denote Orlicz function while Φ -an MO function. As the properties we are dealing with are preserved by isomorphisms without loss of generality we may assume that Φ consists entirely of non-degenerate Orlicz functions, such that for every i ∈ N the Orlicz function Φ i is differentiable, Φ i (0) = 0 and Φ i (1) = 1. Indeed, we can always choose a sequence {α i }, such that
ds, where
consists of differentiable functions and ϕ i (0) = 0 for every i ∈ N.
and
For every t ≥ α i we have
By the convexity of Φ i follows that
for every t ≥ 0.
In order to get the opposite inequality we consider separately three cases:
for every t ≥ 0. By (1) and (2) it follows that ϕ ∼ Φ and thus ϕ ∼ = Φ . To complete it is enough to normalize the functions ϕ i by considering 
It is well known that h
, which satisfies the inequalities (see e.g. [7] )
We will use the Hölder's inequality: 
. We write n ≤ x if n ≤ min{suppx} and x < y if max{suppx} < min{suppy}. We say that x is a block vector with respect to the basis
for some finite p and q and we say that x is a normalized block vector if it is a block vector and x = 1. 
The following characterization of the stabilized asymptotic ∞ MO sequence spaces is due to Dew: 
Let X be a Banach space. By Y → X we denote that Y is isomorphic to a subspace of X .
MO spaces with stabilized asymptotic ∞ dual with respect to the unit vector basis
We start with the following 
is complemented in Φ by means of a projection of norm less then or equal to 4λ, where λ is the constant from Proposition 2.1.
be a normalized block basis of Φ , where
{m n } strictly increasing sequence of naturals. For every n ∈ N there exists y
WLOG we may assume that supp y
. We claim that
where λ > 1 is the constant from Proposition 2.1.
Indeed, by assumption h Ψ is stabilized asymptotic ∞ space and according to Proposition 2.1 there exists λ > 1 such that for every m ∈ N there is N ∈ N so, that whenever m n ≥ N the inequality holds
Now passing to a subsequence we get a sequence {y
is equivalent to the unit vector basis of 1 
. Then for every k ∈ N holds
The following two theorems are simple corollaries of Lemma 3.1. 
, where n i is a strongly increasing sequence in N and {α j } ∞ j=1 is a sequence of positive numbers such that
It is easy to observe that the sequence
is normalized block-basis of the unit vector basis of Φ . Lemma 3.1 now implies that the closed linear span
is obviously isometrically isomorphic to the MO space {M i k } , generated by the subsequence {M i k } of the given Φ-convex block. Thus every Φ-convex block contains a subsequence equivalent to a linear function and therefore Φ has the Schur property. Proof: According to a well known result of Bessaga and Pelczinski [2] every infinite dimensional closed subspace Y of Φ has a subspace Z isomorphic to a subspace of Φ , generated by a normalized block basis of the unit vector basis of Φ . Now to finish the proof it is enough to observe that by Lemma 3.1 the space Z contains a complemented subspace of Φ , which is isomorphic to 1 . Remark: It is well known ( [18] ) that every subspace of MO sequence space Φ with Φ satisfying the δ 2 condition, contains p for some p ∈ [1, ∞] . If Φ has in addition the Schur property, as no p , p = 1 has the Schur property, it follows that Φ is 1 saturated. 
The following indexes, introduced by Yamamuro ([17] )
appear to be useful in the study of MO sequence spaces (see for example [11] , [16] , [8] and [12] [16] , [18] ). However, the converse fails to be true in general (see [16] ) for MO sequence spaces, which confirms their more complex structure. Sufficient conditions for the isomorphical embedding of p , , p ≥ 1 in h Φ are given by the following:
Proof: The condition 5) obviously implies lim j−→∞ ε j = 0.
We may assume that τ j < 1/2 for every j. Indeed, by 2) we easily get τ j < 1/2 , j < j 0 for some j 0 and can consider the MO sequence space
Consider first the case: {j ∈ N : Φ(y j ) ≥ 1/2} < ∞. For the same reason as above we may assume that Φ(y j ) ≤ 1/2 for every j ∈ N.
Find sequence of naturals {k n } ∞ n=1 , k 1 = 0, such that for every n ∈ N:
where 
it follows immediately
for every 0 ≤ t 1 , t 2 ≤ 1/2 and any µ > 0. Now it is enough to apply the last inequality to the functions ϕ n m , taking into account (3 to finish the proof it is enough to show that h ϕ and p consist of the same sequences. Before starting the last part of the proof we mention that according to the result from [3] , mentioned in the preliminaries, the condition 5) implies that the Nakano spaces {p+ν j ε j } ∞ j=1 are isomorphic to p for every choice of the sequence of signs {ν j = ±1} ∞ j=1 . Define the sets:
It is obvious that
and thus by 5) we obtain 
Let now {α
We may assume that α j ≤ 1/2 for every j ∈ N. Now we can write the chain of inequalities:
where we used that 0 < y k n+1 ≤ y k n+1 for the second and (4) for the last inequality.
It is not difficult to check that for every m ∈ N the estimate holds: (4) and (5) we can write the chain of inequalities:
which concludes the proof. Let now 1/2 ≤ Φ(y j k ) ≤ 1 for some increasing sequence of naturals {j k } ∞ k=1 . Passing to a subsequence if necessary we may assume that
holds for every u ∈ [0, 1/2]. Consequently by (6) and (7) follows that p ∼ = {Φ j k } → Φ .
Remark: If the conditions in Theorem 3 hold for a subsequence {Φ
be a MO function and
Proof: Pick a decreasing sequence {δ k } ∞ k=1 , such that lim k→∞ δ k = 0. There exists j(k) such that for every j ≥ j(k) the inequalities hold:
, 1] and for every j ≥ j(k). We define inductively sequences {r(k)} and {s(k)} in the following way. We put r(1) = j(1) and choose s(1) with r(1)+s (1) j=r (1) 
For the prove it is enough to rewrite the inequalities from 4) in the form:
After integration in (9) we easily get for every n ∈ N : (10) for every t ∈ [x j /y j , 1] . Now we can apply Theorem 3 with τ j = x j /y j .
We will illustrate some applications of Theorem 3 and the necessity of some of the conditions in it by the following four examples. By examples 1) and 2) we show that conditions 2) and 3) in Theorem 3 could not be omitted.
The next example represents a convexfied analog to an example from [16] Example 1: Let
Obviously
is an increasing function and therefore
is an Orlicz function. It is easy to check that Φ n t n 2 t 2 Φ n 
It is easy to see that 1/2n ≤ α n ≤ 1/n.
Example 2: Consider the functions
Obviously by the choice of the sequences k n , b n and α n follows that Φ n are Orlicz functions.
It is easily to check that Φ n (tα n ) t 2 Φ n (α n ) = 1 for every n ∈ N and for every t ∈ [1/2, 1]. Obviously 
Similar calculations can be done in Examples 1) and 2) to show that conditions 2) and 3) in Corollary 4.2 do not hold.
The next example shows that the indexes be a sequence such that lim n→∞ t n = 0 and t n < 1/2 for every n ∈ N. Let define the functions
Obviously by the choice of the sequences k n , b n and α n follows that Φ n are Orlicz functions which are differentiable for every x ∈ [0, 1] except for x = t n /n and x = α n .
It easy to see 
We have that
Following [5] we will construct an example of a weighted Orlicz sequence space which contains an isomorphic copy of 1 .
Example 4: Let the sequences {d n } ∞ n=1 and {a n }
where
. Then
After easy calculations we obtain the inequalities:
an < ∞ and we can apply Corollary 4.2 with
it is proved in [5] 
Remark: By choosing the sequences {d n = n!} ∞ n=1 and {a n = log n
in Example 4 we get a weighted Orlicz sequence space M (w) generated by an Orlicz function M which does not verify ∆ 2 -condition at infinity and a weight sequence
, but containing an isomorphic copy of 1 . Indeed Thus we conclude that Φ has Schur property without considering the functions Φ n , n ∈ N.
